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ABSTRACT
On the Construction of Linear Prewavelets Over a Regular Triangulation
by
Qingbo Xue
In this thesis, all the possible semi-prewavelets over uniform refinements of regular
triangulations have been studied. A corresponding theorem is given to ensure the
linear independence of a set of different pre-wavelets obtained by summing pairs
of these semi-prewavelets. This provides efficient multiresolutions of the spaces of
functions over various regular triangulation domains since the bases of the orthogonal
complements of the coarse spaces can be constructed very easily.
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CHAPTER 1
Introduction
In recent years, multiresolution analysis has been intensively studied and has been
used in computer graphics, differential and integral equation, manifolds, the finite
element setting, and so on. Basically speaking, multiresolution is a decomposition of
a function space into mutually orthogonal subspaces, each of which is endowed with
a basis. The basis functions of each subspace are called wavelets if they are mutually
orthogonal and prewavelets otherwise. The subspaces are called wavelet spaces and
prewavelet spaces accordingly.
Piecewise linear prewavelets with small support are useful tools in approximation
theory and the numerical solution of partial differential equations as applied to com-
puter graphics and practical largescale data representation. Kotyczka and Oswald
[8] constructed piecewise linear prewavelets with small support in 1995. Floater and
Quak [5] published their result on piecewise linear prewavelets with small support
on arbitrary triangulations in 1999. Later on, they simplified the above result by in-
troducing the idea of semi-wavelets, which can be used to construct wavelets. These
semi-wavelets and wavelets are actually semi-prewavelets and prewavelets. Some sci-
entists omit the “pre-” part for convenience. Using this idea, Floater and Quak
investigated the Type-1 triangulation in [6] and Type-2 in [5] respectively. Hong and
Mu [4] have discussed the piecewise linear prewavelets with minimal support over
Type-1 trangulation.
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In this thesis, all the possible semi-prewavelets over uniform refinements of regu-
lar triangulations have been studied. A corresponding theorem has been given which
ensures the linear independence of any set of different pre-wavelets obtained by sum-
ming pairs of these semi-prewavelets. This means that the multiresolutions of the
linear function spaces over various regular triangulation domains can be done con-
veniently, since the bases of the orthogonal complements of the coarse spaces can
be constructed very easily. Examples of multiresolutions are discussed and all the
corresponding prewavelets or semi-prewavelets have been given explicitly.
10
CHAPTER 2
Basic Concepts
In this section we introduce some basic concepts. Most of them have commonly
been used in related monographs.
Definition 2.1 A set of triangles T = {T1, ..., TM} is called a triangulation of
some subset Ω of IR2 if Ω = ∪Mi=1Ti and
(i) Ti ∩ Tj is either empty or a common vertex or a common edge, i 6= j,
(ii) the number of boundary edges incident on a boundary vertex is two,
(iii) Ω is simply connected.
We denote by V the set of all vertices v ∈ IR2 of triangles in T and by E the set
of all edges e = [v, w] of triangles in T . By a boundary vertex or boundary edge we
mean a vertex or edge contained in the boundary of Ω. All other vertices and edges
will be called interior vertices and interior edges. A boundary edge belongs to only
one triangle, and an interior edge to two.
For a vertex v ∈ V , the set of neighbours of v in V is
Vv = {w ∈ V : [v, w] ∈ E}.
Suppose next that T is a triangulation. Given data values fv ∈ IR for v ∈ V ,
there is a unique function f : Ω −→ IR which is linear on each triangle in T and
interpolates the data: f(v) = fv, v ∈ V . The function f is piecewise linear and the
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set of all such f constitute a linear space S with dimension |V |. For each v ∈ V , let
φv : Ω −→ IR be the unique ‘hat’ or nodal function in S such that for all w ∈ V ,
φv(w) =
{
1, w = v;
0, otherwise.
The set of functions Φ = {φv}v∈V is a basis for the space S and for any function
f ∈ S,
f(x) =
∑
v∈V
f(v)φv(x), x ∈ Ω. (2.1)
The support of φv is the union of all triangles which contain v:
Mv := ∪v∈T∈T T.
Definition 2.2 Given a triangulation T 0 = {T1, ..., TM}. A refined triangulation
is a triangulation T 1 such that every triangle in T 0 is the union of some triangles in
T 1. The result of this process is called a refinement of T 0.
Obviously, there are various kinds of refinements. If not clearly claimed, we shall
only consider the following uniform or dyadic refinement. We shall use [u, v] to denote
the edge incident to two vertices u, v. A triangle with vertices u, v, w will be denoted
as [u, v, w].
For a given triangle T = [x1, x2, x3], let y1 = (x2 + x3)/2, y2 = (x1 + x3)/2, and
y3 = (x1 + x2)/2 denote the midpoints of its edges. Then the set of four triangles
TT = {[x1, y2, y3], [y1, x2, y3], [y1, y2, x3], [y1, y2, y3]}
is a triangulation and a refinement of the coarse triangle T . The set of triangles
T 1 = ∪T∈T 0TT is evidently a triangulation and a refinement of T
0. Similarly, a whole
12
sequence of triangulations T j, j = 0, 1, 2, ..., can be generated by further refinement
steps.
In order to discuss some properties of T j in relation to T j−1, let V j be the set
of vertices in T j, and define Ej, Sj, φjv, V
j
v , and M
j
v accordingly. A straightforward
calculation shows that
φj−1v = φ
j
v +
1
2
∑
φjw, v ∈ V
j−1, (2.2)
and therefore we obtain a nested sequence of spaces
S0 ⊂ S1 ⊂ S2 ⊂ · · · . (2.3)
13
CHAPTER 3
Multiresolution of Linear Spline Spaces over r-Triangulations
From a mathematical point of view, a computer graphic is nothing else but a
function defined on a given region. On the other hand, a graphic on a domain Ω can be
represented by functions in different level of function spaces such as Sj (j = 0, 1, 2, · · ·)
in (2.3). The difference between them is that the function from a fine space gives
more detail of the original graphic than the one from a coarse space does. In an ideal
situation, we can easily “witch” a function from one space into another when it is
necessary. The key to choosing another function space is to use a different basis of
functions. Surprisingly, the relation between the bases of these nested spaces makes
it difficult to do so.
In the following we shall discuss the multiresolution of the linear spline function
space defined on any r-triangulation.
Definition 3.1 T 0 = {T1, ..., TM} is a regular triangulation or simply r-triangulation
over some domain Ω if T 0 is a triangulation on Ω and all the elements of T 0 are equi-
lateral triangles.
Figure 1. gives an example of an r-triangulation over a triangle shaped region —
a simply connected domain.
Clearly, a refinement T 1 of T 0 is still an r-triangulation, see Figure 2. Continuing
the refinement process on Ω leads us to the nested sequence of spaces defined on the
14
Figure 1: An r-triangulation
Figure 2: The first refinement of the r-triangulation in Figure 1
r-triangulation’s domain Ω as we had in (2.3). All the other concepts and symbols in
Section 2 can be used naturally for the r-triangulations here.
As usual, we use the following standard definition of the inner product of two
continuous functions on Ω,
〈f, g〉 =
∑
T∈T 0
1
a(T )
∫
T
f(x)g(x) dx, f, g ∈ C(Ω),
where a(T ) is the area of triangle T .
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Let c be the area of any a triangle in the r-triangulation T 0. Since all the triangles
are congruent, the inner product reduces to the scaled L2 inner product
〈f, g〉 =
1
c
∫
Ω
f(x)g(x) dx. (3.1)
With this inner-product, the spaces Sj become inner-product spaces. LetW j−1 denote
the relative orthogonal complement of the coarse space Sj−1 in the fine space Sj, so
that
Sj = Sj−1 ⊕W j−1. (3.2)
We have the following decomposition:
Sn = S0 ⊕W 0 ⊕W 1 ⊕ · · · ⊕W n−1 (3.3)
and the dimension of W j−1 is |V j| − |V j−1| = |Ej−1|.
In the following, we shall try to construct a basis for the unique orthogonal com-
plement W j−1 of Sj−1 in Sj. Each of these basis functions will be called a prewavelet
and the space W j−1 a prewavelets space. By combining prewavelet bases of the spaces
W k with the nodal bases for the spaces Sk, we obtain the framework for a multireso-
lution analysis (MRA). Thus any function fn in Sn can be decomposed into its n+1
mutually orthogonal components:
fn = f 0 ⊕ g0 ⊕ g1 ⊕ · · · ⊕ gn (3.4)
where f 0 ∈ S0 and gj ∈ W j (j = 0, 1, ..., n − 1). We shall restrict our work for the
construction of bases of W k to the first refinement level since uniform refinement has
been used.
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Let b be any given non-zero real number, a1 and a2 be two neighboring vertices
in V 0, and denote by u ∈ V 1 \ V 0 their midpoint. We define the semiprewavelet
σa1 ,u ∈ S
1 as the element with support contained in the support of φ0a1 and having
the property that, for all v ∈ V 0,
〈φ0v, σa1,u〉 =


−b, if v = a1;
b, if v = a2;
0, otherwise
(3.5)
where
σa1 ,u(x) =
∑
v∈N1a1
rvφ
1
v(x),
and
N1a1 = {a1} ∪ V
1
a1
denotes the fine neighborhood of a1. The only nontrivial inner products between σa1,u
and coarse nodal functions φ0v occur when v belongs to the coarse neighborhood of
a1,
N0a1 = {a1} ∪ V
0
a1
.
Thus the number of coefficients and conditions are the same and, as we will subse-
quently establish, the element σa1,u is unique providing that any non-zero value of b
in (3.5) is given.
Since the dimension of W 0 is equal to the number of fine vertices in V 1, i.e.
|V 1| − |V 0|, it is natural to associate one prewavelet ψu per fine vertex u ∈ V
1 \ V 0.
Since each u is the midpoint of some edge in E0 connecting two coarse vertices a1
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and a2 in V
0, the element of S1,
ψu = σa1,u + σa2,u (3.6)
is a prewavelet since it is orthogonal to all nodal functions φ0v, v ∈ V
0.
The following theorem gives a sufficient condition that all the different prewavelets
obtained in this way are linearly independent and hence form a basis of W 0.
Theorem 1. The set of prewavelets {ψu}u∈V 1\V 0 defined by (3.6) is a linearly
independent set if
ψu(u) >
∑
w∈V 1\V 0
w 6=u
|ψu(w)|, ∀u ∈ V
1 \ V 0
Proof:
Let
|V 0| = m, |V 1 \ V 0| = n,
and
u1, u2, · · · , um, um+1, · · · , um+n
be any permutation of all the vertices in V 1 such that uj ∈ V
0 (1 ≤ j ≤ m) and uj ∈
V 1 \ V 0 (m+ 1 ≤ j ≤ m + n). The corresponding nodal functions are
φj(x) = φuj(x), j = 1, 2, · · · , m+ n.
Then the prewavelets in {ψu}u∈V 1\V 0 can be written as
ψi(x) = ψum+i(x) =
m+n∑
j=1
rijφj(x), (1 ≤ i ≤ n)
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where rij = ψi(uj) (1 ≤ i ≤ n, 1 ≤ j ≤ m+ n).
Consider the matrix
R =


r11 r12 · · · r1,m+n
r21 r22 · · · r2,m+n
. . . . . . . . . . . . . . . . . . . .
rn1 rn2 · · · rn,m+n


and its sub matrix
R1 =


r1,m+1 r1,m+2 · · · r1,m+n
r2,m+1 r2,m+2 · · · r2,m+n
. . . . . . . . . . . . . . . . . . . . . . . . . . .
rn,m+1 rn,m+2 · · · rn,m+n

 .
We claim that R1 is diagonally dominant. Actually, keeping in mind that ri,m+j =
ψi(um+j) = ψum+i(um+j) (1 ≤ i, j ≤ n), we know that
ri,m+i >
∑
1≤j≤n
j 6=i
|ri,m+j|, (1 ≤ i ≤ n)
is equivalent to
ψum+i(um+i) >
∑
1≤j≤n
j 6=i
|ψum+i(um+j)|, (1 ≤ i ≤ n)
or
ψu(u) >
∑
w∈V 1\V 0
w 6=u
|ψu(w)|, ∀u ∈ V
1 \ V 0.
19
CHAPTER 4
Semi-prewavelets
We are going to establish the uniqueness of the semi-prewavelets for W 0 with
regard to (3.1) and to find their coefficients. To simplify our calculation, Floater
and Quak’s result on inner products of nodal functions [5] , which we state here as a
Lemma, will be used.
Lemma 1 Let t(e) denote the number of triangles (one or two) in T 0 containing
the edge e ∈ E0 and t(v) the number of triangles (at least one) containing the vertex
v ∈ V 0. If v ∈ V 0 and w ∈ V 1 are contained in the same triangle in T 0 then
96〈φ0v, φ
1
w〉 =


6t(v), if v = w;
10t(e), if w is the midpoint of e;
t(e), if e = [v, w];
4, if otherwise.
(4.1)
Let σa1,u be a semi-prewavelet where the fine vertex u is the midpoint of a1 and
another coarse vertex a2. We call a1 the center (vertex) of the semi-prewavelet.
The degree of a vertex in a triangulation is the number of neighbor vertices of the
vertex in that triangulation. Trivially, every coarse vertex is also a vertex in the fine
triangulation and it has the same degree in both coarse and fine r-triangulations. Let
k = |V 0a1 | = |V
1
a1
| be the degree of a1. If a1 is an interior vertex then k = 6. If a1
is a boundary vertex then the value of k could range from 2 to 6. Hence there are
six possible topological structures of the support of σa1 ,u, which are identical to the
20
Figure 3: Interior vertex a1 and its support
Figure 4: Boundary vertices and their supports
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support M0a1 of φ
0
a1
.
For our convenience, in the later steps to construct semi-prewavelets, we shall use
the following permutations of the vertices in the coarse neighborhood N 0a1 and the
fine neighborhood N 1a1 of a1:
N0a1 : v1 = a1, v2, v3, · · · , vk,
N1a1 : u1 = a1, u2, u3, · · · , uk,
where v2 through vk are all the neighbor vertices of a1 in the coarse space labeled
consecutively in the counterclockwise order, and uj is the midpoint of the edge
[a1, vj] (j = 2, 3, ...k).
Let us simply rewrite φluj(x) as φ
l
j(x), where j = 1, 2, ..., k and l = 0, 1. Thus,
σa1 ,u(x) =
k∑
j=1
rjφ
1
j(x). (4.2)
Let A = (aij) be the k × k matrix such that aij = 96〈φ
0
i , φ
1
j〉. Then
〈φ0i , σv1,u〉 =
〈
φ0i ,
k∑
j=1
rjφ
1
j
〉
=
k∑
j=1
rj〈φ
0
i , φ
1
j〉
=
k∑
j=1
1
96
aijrj
=
1
96
[ai1, ai2, · · · , aik]~r
where
~r = [r1, r2, · · · , rk]
T .
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Therefore, the “semi-orthogonal condition” (3.5) is equivalent to
A~r = ~b (4.3)
where
A =


a11 a12 · · · a1k
a21 a22 · · · a2k
. . . . . . . . . . . . . . . . .
ak1 ak2 · · · akk

 ,
~r = [r1, r2, · · · , rk]
T ,
and
~b = [b1 = −b, 0, ..., 0, bj = b, 0, ...0]
T (here j satisfying u = uj).
Thus, if A is invertible then (4.3) has a unique solution of the coefficients.
Figure 3 and Figure 4 give all the cases of the supports of possible semi-prewavelets
up to a symmetric permutation.
Using Lemma 1, we can verify that A is invertible in every case. We choose
the value of b in (3.5) as 66240 so that we can get integer coefficients rj for all the
semi-prewavelets, except the boundary one with the center vertex of degree 6.
Case 1 a1 is an interior vertex, SPW(I6)
We obtain that
A =


36 20 20 20 20 20 20
2 20 4 0 0 0 4
2 4 20 4 0 0 0
2 0 4 20 4 0 0
2 0 0 4 20 4 0
2 0 0 0 4 20 4
2 4 0 0 0 4 20


.
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Figure 5: Semi-prewavelet SPW(I6)
A is non-singular with the inverse
A−1 =
1
1152


42 −30 −30 −30 −30 −30 −30
−3 65 −11 5 1 5 −11
−3 −11 65 −11 5 1 5
−3 5 −11 65 −11 5 1
−3 1 5 −11 65 −11 5
−3 5 1 5 −11 65 −11
−3 −11 5 1 5 −11 65


.
Let ~b =
[
−b b 0 0 0 0 0
]T
. Then
~r = A−1~b =
[
−4140 3910 −460 460 230 460 −460
]T
.
Thus, a semi-prewavelet with its center a1 as an interior vertex has been uniquely
determined (Figure 5). Simply, turn its figure (Figure 5) around its center in the
counterclockwise direction and step-by-step we can get all the other symmetric semi-
prewavelets which share the same center a1. We shall see this effect in the following
24
Figure 6: Semi-prewavelet SPW(B2)
case from another point of view.
Case 2 a1 is a boundary vertex with degree 2, SPW(B2)
A =


6 10 10
1 10 4
1 4 10

 .
A is non-singular with the inverse
A−1 =
1
192

 42 −30 −30−3 25 −7
−3 −7 25

 .
~b =
[
−b b 0
]T
,
~r = A−1~b =
[
−24840 9660 −1380
]T
.
~b =
[
−b 0 b
]T
,
~r = A−1~b =
[
−24840 −1380 9660
]T
.
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As we can see in Figure 5, the two subcases of SPW(B2) are symmetric. Note
they are the same up to symmetry. In the following cases of other boundary semi-
prewavelets we shall not mention this again:
Case 3 a1 is a boundary vertex with degree 3, SPW(B3)
A =


12 10 20 10
1 10 4 0
2 4 20 4
1 0 4 10

 .
A is non-singular with the inverse
A−1 =
1
1920


210 −150 −150 −150
−15 221 −35 29
−15 −35 125 −35
−15 29 −35 221

 .
~b =
[
−b b 0 0
]T
,
~r = A−1~b =
[
−12420 8142 −690 1518
]T
.
~b =
[
−b 0 b 0
]T
,
~r = A−1~b =
[
−12420 −690 4830 −690
]T
.
Case 4 a1 is a boundary vertex with degree 4, SPW(B4)
A =


18 10 20 20 10
1 10 4 0 0
2 4 20 4 0
2 0 4 20 4
1 0 0 4 10


.
26
Figure 7: Semi-prewavelet SPW(B3[1]), SPW(B3[2])
A is non-singular with the inverse
A−1 =
1
576


42 −30 −30 −30 −30
−3 65 −11 5 1
−3 −11 35 −5 5
−3 5 −5 35 −11
−3 1 5 −11 65


.
~b =
[
−b b 0 0 0
]T
,
~r = A−1~b =


−8280
7820
−920
920
460


.
~b =
[
−b 0 b 0 0
]T
,
~r = A−1~b =


−8280
−920
4370
−230
920


.
27
Figure 8: Semi-prewavelet SPW(B4[1]), SPW(B4[2])
Case 5 a1 is a boundary vertex with degree 5, SPW(B5)
A =


24 10 20 20 20 10
1 10 4 0 0 0
2 4 20 4 0 0
2 0 4 20 4 0
2 0 0 4 20 4
1 0 0 0 4 10


.
A is non-singular with the inverse
A−1 =
1
88320


4830 −3450 −3450 −3450 −3450 −3450
−345 9883 −1765 667 155 283
−345 −1765 5275 −805 475 155
−345 667 −805 5083 −805 667
−345 155 475 −805 5275 −1765
−345 283 155 667 −1765 9883


.
~b =
[
−b b 0 0 0 0
]T
,
~r = A−1~b =
[
−6210 7671 −1065 759 375 471
]T
.
~b =
[
−b 0 b 0 0 0
]T
,
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Figure 9: Semi-prewavelet SPW(B5[1]), SPW(B5[2]), and SPW(B5[3])
~r = A−1~b =
[
−6210 −1065 4215 −345 615 375
]T
.
~b =
[
−b 0 0 b 0 0
]T
,
~r = A−1~b =
[
−6210 759 −345 4071 −345 759
]T
.
Case 6 a1 is a boundary vertex with degree 6, SPW(B6)
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A =


30 10 20 20 20 20 10
1 10 4 0 0 0 0
2 4 20 4 0 0 0
2 0 4 20 4 0 0
2 0 0 4 20 4 0
2 0 0 0 4 20 4
1 0 0 0 0 4 10


.
A is non-singular with the inverse
A−1 =
1
192


7
160
−1
32
−1
32
−1
32
−1
32
−1
32
−1
32
−1
320
11779
105792
−2173
105792
739
105792
131
105792
259
105792
227
105792
−1
320
−2173
105792
6259
105792
−1021
105792
499
105792
179
105792
259
105792
−1
320
739
105792
−1021
105792
6019
105792
−973
105792
499
105792
131
105792
−1
320
131
105792
499
105792
−973
105792
6019
105792
−1021
105792
739
105792
−1
320
259
105792
179
105792
499
105792
−1021
105792
6259
105792
−2173
105792
−1
320
227
105792
259
105792
131
105792
739
105792
−2173
105792
11779
105792


.
~b =
[
−b b 0 0 0 0 0
]T
,
~r = A−1~b =
276
551
[
−9918 15137 −2303 1337 577 737 697
]T
.
~b =
[
−b 0 b 0 0 0 0
]T
,
~r = A−1~b =
276
551
[
−9918 −2303 8237 −863 1037 637 737
]T
.
~b =
[
−b 0 0 b 0 0 0
]T
,
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~r = A−1~b =
276
551
[
−9918 1337 −863 7937 −803 1037 577
]T
.
Now we can get any possible prewavelets of an r-triangulation, since the above
semi-prewavelets included all the possible semi-prewavelets with the exception of
symmetric cases. By (3.5), to get a prewavelet, we need only to “sum” two semi-
prewavelets together in such a way that the fine vertex u (which has been circled
in each figure of the semi-prewavelet) is the midpoint of the centers of these two
semi-prewavelets. Some prewavelets which could be often used are given by Figure 11
through Figure 17. In these figures we denote the prewavelet obtained by summing
an interior semi-prewavelet, SPW(I6), and a boundary one, say SPW(Bj), by PW(I6,
Bj). We denote the prewavelet obtained by summing two boundary semi-prewavelets,
SPW(Bi) and SPW(Bj), by PW(Bi, Bj).
With the above results on semi-prewavelets, we are now ready to state our main
result, a very useful theorem on r-triangulations.
Theorem 2. For any level of the refinements of any an r-triangulation, all the pos-
sible prewavelets can be constructed by simply summing up the two semi-prewavelets
illustrated in Figure 5 through Figure 10.
Proof: Each semi-prewavelet σa1,u(x) illustrated in Figure 5 through Figure 10,
which are all the possible cases of semi-prewavelets in r-triangulations, satisfies
σa1,u(u) >
∑
w∈V 1\V 0
w 6=u
|σa1,u(w)|, ∀u ∈ V
1 \ V 0.
A prewavelet is the sum of two semi-prewavelets, see (3.6). The sum can be done
31
Figure 10: Semi-prewavelet SPW(B6[1]), SPW(B6[2]) and SPW(B6[3]) (q = 276
551
)
32
Figure 11: Pre-wavelet PW(I6,B3)
Figure 12: Pre-wavelet PW(B4,B2)
Figure 13: Pre-wavelet PW(B4,B4)
33
Figure 14: Pre-wavelet PW(I6,B4)
Figure 15: Pre-wavelet PW(B5,B2)
34
Figure 16: Pre-wavelet PW(B5,B3)
Figure 17: Pre-wavelet PW(I6,B5)
35
in such a way that the fine vertex u (which has been circled in each figure of semi-
prewavelets) is the midpoint of the centers, a1 and a2, of these two semi-prewavelets
in (3.6). Since the intersection of N 1a1 and N
1
a2
is the single element set {u}, the only
overlapped values are the values of the two semi-prewavelets functions at vertex u.
Therefore, the condition of Theorem 1 in Chapter 3 is satisfied and this completes
our proof.
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CHAPTER 5
Examples
In this chapter, we would like to demonstrate that our Theorem 2 at the end of
the last chapter can be used on various shaped domains. We can also see that all the
prewavelets can be found easily by using this result.
Example 1. In the refined r-triangulation in Figure 18, there are only three types
of semi-prewavelets, namely SWP(I6), SWP(B2), and SWP(B4), see Figure 5, Figure
6 and Figure 8, respectively. These semi-prewavelets can be found by simply checking
if any figure in Figure 3 and Figure 4 is a subset of the given refined r-triangulation.
Thus, prewavelets PW(I6,I6), PW(I6,B4) (see Figure 14), PW(B4,B4) (see Figure
13), and PW(B4,B2) (see Figure 12) are all the types of prewavelets of the fine space.
Figure 18: Sample r-Triangulation Domain 1
In the following examples we shall only point out all the types of semi-prewavelets
occuring in the corresponding refinement and leave our readers to find out the types
37
of prewavelets contained:
Example 2. In the refined r-triangulation in Figure 19, there are all the types of
semi-prewavelets with exception of SPW(B6).
Figure 19: Sample r-Triangulation Domain 2
Example 3. In the refined r-triangulation in Figure 20, all the types of semi-
prewavelets have occured. But, this does not mean that all the possible prewavelets in
r-triangulations will be present in this case. For example, prewavelet type PW(B2,B2)
does not occur.
38
Figure 20: Sample r-Triangulation Domain 3
Although it is not necessary, rectangular shaped domain are often used for com-
puter graphics. For this reason, one may be particularly interested in the following
shaped region which can be obtained by adding some extra vertices on both the left
and right sides of a rectangular area. In this way, all the refinements can be done
uniformly and our theorems can be used.
Example 4. For the refined r-triangulation in Figure 21, the set of semi-prewavelets
are the same as in Example 2 (Figure 19) although the two domains look so different.
39
Figure 21: Sample r-Triangulation Domain 4
Remarks. Our results are valid even if the domain is not simply connected.
40
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